We present perturbative corrections to a recently introduced spin-flip self-consistent field ͑SF-SCF͒ wave function. The spin-flip model describes both closed and open shell singlet states within a single reference formalism as spin-flipping, e.g., ␣→␤, excitations from a triplet (M s ϭ1) reference state for which both dynamical and nondynamical correlation effects are much smaller than for the corresponding singlet state. The simplest spin-flip model employs a SCF wave function for the reference state, and the resulting equations for target states are therefore identical to configuration interaction singles ͑in spin-orbital form͒. While being a qualitatively correct zero-order wave function, SF-SCF should be augmented by dynamical correlation corrections to achieve a quantitative accuracy. The results demonstrate that the second-order approximation to the more theoretically complete spin-flip coupled-cluster model ͑truncated at double substitutions͒ represents a systematic improvement over the SF-SCF model.
I. INTRODUCTION
Ab initio modeling of bond-breaking and diradicals, which are of central importance in chemistry, remains challenging, even though several elegant approaches have been suggested. [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] This is because the inherent multireference character of the electronic state is difficult to reconcile ͑within a single computationally feasible scheme͒ with factors such as the size-consistency of the model, uniform accuracy of the approximations, unambiguous selection of important configurations, and a balanced treatment of dynamical and nondynamical correlations. Several recent theoretical strategies 16 -20 address these issues in ways that are not application-dependent and thus can be defined as theoretical model chemistries. 21 This work presents further development of a new approach to the bond-breaking problem formulated in a single-reference formalism, i.e., the equation-of-motion spin-flip ͑EOM-SF or SF͒ model. 19, 20 The SF model describes closed and open shell singlet states within a single reference formalism as spin-flipping, e.g., ␣→␤, excitations from a triplet (M s ϭ1) reference state for which both dynamical and nondynamical correlation effects are much smaller than for the corresponding singlet state. 19, 22 By employing theoretical models of increasing complexity for the reference wave function, the description of the final states can be systematically improved. Thus, the SF model enables one to extend the well developed hierarchy of single-reference approximations to the exact wave function ͑see, for example, Refs. 23 and 24 for review͒ to treat challenging multireference cases of bond-breaking and diradicals.
It should be mentioned that, similarly to the traditional methods, the SF models may fail in cases when the HartreeFock reference wave function exhibits orbital ͑near͒-instabilities. The stability analysis of the reference triplet wave function can be used to detect such situations. Unlike doublet radicals ͑see, for example, Ref. 25͒, the orbital instabilities in triplet states are less common. Moreover, in the cases when the singlet Hartree-Fock reference exhibits ͑near͒-instabilities in connection with the mixing of one or more occupied orbital with low-lying LUMO ͑as in diradicals, e.g., p-benzyne 26 ͒, the corresponding triplet state is less likely to be plagued by instabilities since the singlet's LUMO is occupied in the triplet reference.
The simplest member of the proposed hierarchy of approximations is based on the self-consistent field ͑SCF͒ description of the reference state and treats target states as single spin-flipping excitations. The resulting equations in spin-orbital form are identical to those of the configuration interaction singles ͑CIS͒ model, [27] [28] [29] [30] but they are solved in a different ͑i.e., spin-flipping͒ subspace of single excitations. Initial benchmarks 19 have demonstrated that this model, i.e., SF-SCF or SF-CIS, represents a systematic improvement over both spin-restricted or spin-unrestricted Hartree-Fock models for the single bond-breaking, and that the corresponding wave function is qualitatively correct and remains well balanced along the bond-breaking coordinate. To achieve quantitative accuracy, however, one has to augment this zero-order wave function by a dynamical correlation. This can be done by employing correlated, e.g., coupledcluster ͑CC͒, 31, 32 wave functions for the reference state, and by treating the target states within EOM formalism. 33 The corresponding SF models extend high accuracy of the CC methods for the regions away from equilibrium geometry. They also inherit a computational cost of the traditional CC methods. For example, the SF optimized-orbitals coupledcluster doubles ͑SF-OOCCD or SF-OD͒ model 19 produces accurate potential energy curves, with the computational cost of N 6 being identical to that of OO-CCD ͑Refs. 34, 35, 32͒ and EOM-OD ͑Ref. 18͒ models. While this polynomial scaling represents a definite advantage over the factorial scaling of multireference models, it still limits the scope of applications to moderate-size molecules. Therefore, the approximations of CC-based models which allow to reduce computational cost are of the considerable practical interest.
For the traditional, i.e., non-spin-flip, ground state calculations, the simplest recipe for including dynamical correlation is by second-order Møller-Plesset perturbation theory ͑MP2͒. 36 The noniterative nature of the MP2 corrections and the computational cost which scales as the fifth power of molecular size enable applications to larger systems than those accessible by more theoretically complete CC models. Inspired by the success of MP2 theory, efforts have been made to develop the perturbative corrections to excited and/or ionized states theories. [37] [38] [39] [40] A second order approximation to EOM-CCSD is given by the so-called CIS͑D͒ model 37 which uses a CIS wave function as the zero-order wave function. While representing a systematic improvement for vertical excitation energies, 37 the method fails for excited states' equilibrium properties. 40 The reason for this failure has been correctly attributed to the rapidly degrading quality of a single-determinant representation of the ground state wave function as one moves away from the ground state equilibrium geometry. 39, 40 The balanced nature of the SF-SCF wave function suggests that perturbative corrections performed in the CIS͑D͒ ͑Ref. 37͒ fashion would considerably improve SF-SCF potential energy surfaces.
This work introduces the SF-CIS͑D͒ model, and presents detailed benchmarks of three SF methods, i.e., SF-SCF, SF-CIS͑D͒, and SF-OD. The structure of the paper is as follows: the next section introduces the SF-CIS͑D͒ theory, Sec. III presents numerical examples for ͑i͒ equilibrium properties of closed-shell and diradical species, and ͑ii͒ potential energy curves along bond-breaking coordinates; and Sec. IV gives our concluding remarks.
II. THEORY
The SF-SCF wave function is:
where ⌽ 0 is a Slater determinant describing the reference state which in the present work is chosen to be the ␣␣ component of a triplet state ͑as has been mentioned in Refs. 19, 20 , alternative choices of the reference, i.e., higher multiplicity states, promise certain advantages͒, and R 1 is the single excitation operator which flips the spin of an electron,
Here, and throughout the paper, we follow the convention that i, j,k, . . . represents spin-orbitals that are occupied in the reference determinant ⌽ 0 , a,b,c, . . . correspond to virtual orbitals, and the indices p,q,r,s, . . . are reserved for the general case, i.e., when an orbital may be either occupied or unoccupied in the reference. Orbitals satisfy the SCF equations for the reference ⌽ 0 , while amplitudes r i a are found by a diagonalization of the Hamiltonian in the basis of singly excited determinants involving a spin-flip. The spinorbital form of programmable equations is identical to that of the CIS model. 29, 30 CIS͑D͒ is a rigorous second-order approximation to the EOM-CCSD eigenvalue problem 37, 40 which, most importantly, preserves size-extensivity of the CIS model. Here, we omit the derivation of the CIS͑D͒ correction, and refer the reader to the excellent presentation of the CIS͑D͒ energy and gradient derivation given in the Ref. 40 . The final expression is:
where V is the fluctuation potential, i.e., the difference between the Hamiltonian and Fock operator, and amplitudes of excitation operators T 2 , U 1 , and U 2 are defined by perturbation theory. 37, 40 The qualitative analysis of Eq. ͑3͒ including its relation to ground state perturbation theory is given in the original paper:
37 the first term in Eq. ͑3͒ is approximately accounting for the orbital relaxation since it can be viewed as single excitations from ⌿ CIS , whereas the second term which corresponds to the double excitations from ⌿ CIS represents correlation of an excited state, such that the correlation of inactive, i.e., uneffected by excitation, electrons is described by the ground state double substitution operator T 2 ͑calculated by MP2͒. Thus, the performance of the CIS͑D͒ correction depends not only on the quality of the Hartree-Fock description of the reference wave function, but also on the quality of the MP2 treatment of correlation in the reference state. With this in mind, it is not surprising that the CIS͑D͒ model fails to represent a systematic improvement over the CIS for excited state stationary points. In our case, however, since the MP2 description of triplet states is more uniformly accurate, we expect the SF-CIS͑D͒ theory to improve SF-CIS energies not only around equilibrium, but for the wider range of nuclear distortions, e.g., along bond-breaking coordinate.
The programmable expressions for the CIS͑D͒ correction, ⌬E CIS͑D͒ , are 37 :
where is the CIS excitation energy for the given state, and ⑀ p is a diagonal value of the Fock matrix ͑canonical orbitals are assumed͒. The scaling of the noniterative correction defined by Eq. ͑4͒ is N 5 , 37 and the computational cost is roughly equivalent to that of the MP2 calculations. The only difference in the SF-CIS͑D͒ implementation vs the traditional one is that the SF-CIS amplitudes r i a are those which flip spin of an electron, as opposed to the ␣→␣ and ␤→␤ amplitudes which are allowed in non-SF-CIS.
III. RESULTS AND DISCUSSION
In this section, we present detailed benchmarks of SF-SCF, SF-CIS͑D͒, and SF-OD models. SF approach targets systems with a significant diradical character, i.e., those with large nondynamical correlation derived from a single HOMO-LUMO pair ͑e.g., and * in twisted ethylene͒. In such situations, SF models provide a more balanced description than the corresponding traditional single-reference methods which overemphasize the importance of the closedshell Hartree-Fock configuration, () 2 . 19 Moreover, SF models are capable of describing other two low-lying diradical singlet states, 41 e.g., the doubly excited ͓(*)
, and c 1 A 1 states͒, ozone, singlet oxygen, and ethylene torsional potential ͑N, V, and Z-states͒ fell in this category. For these molecules, the choice of the reference triplet state is very straightforward and usually is the lowest triplet ͑which can even be the true ground state of the system as in the case of methylene or oxygen͒.
However, it is also very important to test how new methods perform in case of a well-behaved closed-shell molecule. To investigate this, we apply the SF method to calculate equilibrium properties of the well behaved molecule, e.g., H 2 O. We also discuss how sensitive SF results are to the choice of the reference state ͑for water molecule, the choice of the triplet reference is no longer dictated by simple qualitative considerations as for most diradicals͒. We also present results for the single bond breaking in HF, BH, and F 2 . It should be mentioned, that for nondiradical molecules ͑e.g., water or diatomics at small internuclear separations͒ the lowest triplet state is not necessarily the valence * state, but may be a Rydberg state. At large distance, this state will adiabatically change into the valence state. As such change occurs, the SF curve may exhibit a discontinuity. The simple remedy for this problem is not to include diffuse functions into the basis set. Fortunately, diffuse functions usually are not necessary for the accurate ground state description. 42 However, if the SF model is to be used to calculate both ground and excited state potential energy curves, the diffuse functions must be included into the basis, and the changes of the lowest triplet state from Rydberg to valence may cause problems. We will address this issue when benchmarking performance of the SF for excited states.
In order to eliminate uncertainties due to basis set effects and anharmonicities, we benchmark SF models not only against experimental results, but also against full configuration interaction ͑FCI͒ ͑methylene, HF, and BH͒, multireference configuration interaction ͑MRCI͒ (F 2 and ethylene͒, or CCSD͑T͒ ͑equilibrium properties of H 2 O).
Calculations are performed using two ab initio packages, Q-CHEM 43 and PSI, 44 to which our programs for ͑V͒OO-CCD, SF-SCF, SF-CIS͑D͒, and SF-OD calculations are linked. Additional results are obtained using ACES II ab initio program. 45 Some basis sets used in this work are obtained from the EMSL database.
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A. H 2 O
We start our study by comparing the performance of the spin-flip models to the corresponding traditional approaches for a well-behaved problem, the equilibrium properties of the water molecule. Calculations are performed using two basis sets: ͑i͒ a double-plus polarization ͑DZP͒ basis set of contracted Gaussian functions, comprised of the standard Huzinaga-Dunning 47, 48 Table I , total energies are surprisingly insensitive to the reference employed, e.g., the difference in the SF-SCF total energies ͑at corresponding optimized geometries͒ is about 0.4 eV, and the difference decreases ͑as we proceed to a more correlated models͒ down to 0.02 eV for SF-CIS͑D͒, and 0.003 eV for SF-OD.
The optimized geometries and frequencies are more sensitive to the reference choice, the sensitivity being rather small for explicitly correlated SF-OD model. The quality of SF-OD optimized geometries is comparable with that of the corresponding traditional models ͑OD or CCSD͒. However, calculated harmonic frequencies depend dramatically on the reference state. The least correlated SF-SCF model performs better when using the lowest triplet state, i.e., the 3 B 1 state, as the reference. However, the errors in vibrational frequencies are larger than for the SCF model; the antisymmetric stretch is underestimated by 14% with the TZ2P basis ͑the symmetric stretch and bending frequencies are described slightly better by the SF-SCF method͒. Contrary to this behavior, the correlated SF-CIS͑D͒ and SF-OD models produce much more accurate frequencies when using the highest, i.e., 3 B 2 state, as the reference. The accuracy of spin-flip frequencies calculated with the 3 B 2 reference is roughly comparable to that of the traditional models. However, the SF-CIS͑D͒ model fails when using the lowest, 3 B 1 state, as the reference ͑the results improving slightly in a larger basis set͒: the antisymmetric stretch is grossly overestimated ͑by 34%-53%͒. The SF-OD model is less sensitive to the reference, in particular, in a larger basis set. The errors for the symmetric stretch and bending are comparable with those of the CCSD model. The frequency of the antisymmetric stretch is underestimated by 7.5% in the small basis set ͑DZP͒ when using the 3 B 1 reference. In the TZ2P basis the difference between the SF-OD/ 3 B 2 and SF-OD/ 3 B 1 frequencies is much less, all frequencies being described with an accuracy similar to CCSD or OO-CCD.
We have found that the origin of the strong sensitivity of the SF-CIS͑D͒ model to the reference choice is in orbital near-instabilities; for the 3 B 1 state, the lowest eigenvalue of the stability matrix in b 2 block equals 0.086, whereas the corresponding value for 3 B 2 state is 0.346. It is not surprising that the perturbative treatment, i.e., SF-CIS͑D͒, fails in case of near-instabilities, whereas the explicitly correlated model, SF-OD, is more stable. We have also found that the 3 B 2 UHF reference exhibits instabilities in b 1 and a 2 blocks which can effect second-order properties. Thus, stability analysis of the UHF solution for triplet references can be used to detect potentially problematic situations.
B. CH 2
The ground state of methylene is a triplet X 3 B 1 state,
Following Salem, three low-lying singlet states are diradical states which can be qualitatively described by a two electrons in two orbitals model:
While the ␣␣ (M s ϭ1) component of the X 3 B 1 state ͑5͒ is essentially a single-reference wave function, the corresponding singlet b 1 B 1 state ͑as well as the M s ϭ0 component of the triplet͒ is a linear combination of two Slater determinants with equal coefficients. Therefore, the b 1 B 1 state cannot be described within a formalism that uses a single Slater determinant reference. The character of the lowest singlet, ã 1 A 1 , varies from a single-reference (Ϸ1) to the twoconfigurational (Ϸ1/ͱ2) wave function. At the equilibrium geometry, the effect of the second configuration is relatively small, and the ã 1 A 1 state can be reasonably well described by a single reference model. 
C. O 3
Since the ozone molecule in its ground 1 A 1 state exhibits stronger diradical character than the singlet (ã 1 A 1 ) methylene, the single-reference methods are less successful in describing its equilibrium properties. 53, 54 and highly correlated CCSDT ͑Ref. 55͒ and CISD͓TQ͔ ͑Ref. 56͒ results.
One of the manifestations of the significant diradical character in ozone is that perturbative models which employ single-reference wave functions fail to improve corresponding zero-order results; contrary to the well-behaved molecules, MP2 fails dramatically for the asymmetric stretch, and CCSD͑T͒ behavior is rather unstable, e.g., 3 exhibits very strong dependence upon the basis set. The large difference between CCSD͑T͒ and complete CCSDT results also points out to the significant multireference character of the wave function; 55, 57 while CCSD͑T͒ and CCSDT values of 1 and 2 differ by no more than 10 cm Ϫ1 ͑in DZP or cc-pVTZ basis set͒, the CCSD͑T͒ value of 3 is 60-80 cm Ϫ1 lower than the CCSDT value. Finally, even the complete CCSDT method yields much larger errors in equilibrium properties of ozone than for closed-shell molecules. 57 Watts and Bartlett pointed out that connected quadruple excitations ͑i.e., double excitations from the second important configuration͒ are needed for a quantitatively correct description of ozone. 57 The spin-flip model represents a systematic improvement for all frequencies, including the most problematic asymmetric stretch. Note that SF-CIS͑D͒ performs very well, its accuracy being close to the SF-OD model.
D. O 2
The ground state of oxygen molecule is the triplet state, and the lowest singlet state is a diradical 1 ⌬ g state. In this case, SF-CIS͑D͒ achieves a dramatic improvement over MP2. The SF-SCF and SF-OD models perform similarly to the corresponding traditional approaches. It seems surprising that the RHF and two-configuration SCF ͑TCSCF͒ properties are so similar for this case, both being close to the SF-SCF, given that the TCSCF description should be much more appropriate for this diradical than RHF. O 2 appears similar to F 2 where both non-dynamical and dynamical correlations are crucial for a qualitatively correct description ͑see Sec. III G͒.
E. HF
In this section, we investigate performance of the spinflip model for a single bond breaking process. We also present more examples of how the choice of reference state effects the results. Calculations for HF are performed using the split-valence 6-31G basis set. 58 Figure 1 compares FCI total energies for the potential energy curve with the spinflip models employing two different references, i.e., 3 ⌺ and 3 ⌸ states.
For the balanced description of -bond breaking by the SF model, the triplet * reference ͑i.e., 3 ⌺) is the most appropriate choice, since single spin-flipping excitations from this reference generates the two most important configurations, () 2 and (*) 2 . However, a reasonable description can also be achieved by using the 3 ⌸ reference ͑lowest triplet state͒. Both 3 ⌺ and 3 ⌸ states are purely repulsive and remain single reference along the dissociation coordinate, the correlation energy being smaller for 3 ⌺. As shown in Fig. 1 , results obtained with the 3 ⌺ reference are considerably better than those obtained with the 3 ⌸ reference. The difference is particularly large for the least correlated SF-SCF model, and becomes rather small ͑but not negligible͒ for the SF-OD. Note that not only relative but also absolute errors are smaller for the 3 ⌺ reference. Thus, in case of the variational SF-SCF model, the 3 ⌺ reference is superior in a variational sense too. It is important that, even when using less appropriate 3 ⌸ reference, the SF describes bond-breaking better than the corresponding single-reference models.
Another important observation is that SF-CIS͑D͒ improves SF-SCF curves considerably. For both references, it yields dissociation energies which are quite close to those of SF-OD, however there are still considerable errors in the intermediate region for the calculations using the 3 ⌸ reference.
F. BH
The present study employs a DZP basis, comprised of the standard Huzinaga-Dunning 47, 48 double-basis augmented by six d-type polarization functions for first-row atoms ͓␣ d ͑B͒ϭ0.5͔ and three p-type polarization functions ͓␣ p ͑H͒ϭ1.0͔ for hydrogen. 59 Table VII presents total energies for the ground, X 1 ⌺, state. FCI energies for the X 1 ⌺ state can be found in Ref. 16 . Bond-breaking in the BH molecule is more challenging since this molecule exhibits significant nondynamical correlation even at equilibrium geometries. This nondynamical correlation is derived from two -type LUMOs. Therefore, BH is more difficult to describe by SF models than HF. As in the latter case, it is appropriate to use 3 ⌺ reference to describe the -bond breaking. On the other hand, 3 ⌸ reference would be more successful in accounting for the HOMO-LUMO correlation. However, the SF model which uses 3 ⌸ reference will not describe the two important configurations, i.e., ( x ) 2 and ( y ) 2 , as being equally important ͑similar to the Be example from Ref. 19͒ . The imbalance will be smaller for the correlated SF-OD model. An additional complication associated with the 3 ⌸-reference is that, unlike the HF example, the 3 ⌸ state is quite strongly bound, and, therefore, is described less accurately by single reference models. This explains larger errors of spin-flip models in the intermediate region. For example, the errors of SF-OD are slightly larger than those of the spin-unrestricted OD. 60 We expect that spin-flip curves calculated by using repulsive 3 ⌺ reference will exhibit smaller errors ͑due to the limitations of our current implementation, we were not able to perform such calculations͒. The encouraging observation is that SF results are superior to traditional single-reference description, even when the less appropriate 3 ⌸ reference is used.
G. F 2
F 2 is a very challenging case of bond breaking for very strong nondynamical and dynamical correlation effects. It is known for being unbound at the UHF level of theory, and for its very strong dynamical correlation effects, e.g., full valence CASSCF underestimates the dissociation energy by a factor of 2. SF-SCF behaves similarly to full valence CASSCF, i.e., it grossly underestimates the dissociation energy. Inclusion of dynamical correlation in SF-CIS͑D͒ improves the results, and the corresponding curve becomes very close to MR-CISD. The SF-OD curve is also quite close to MR-CISD, the corresponding D e being slightly better. Based on the good performance of the SF-CIS͑D͒ model, we expect that perturbative corrections for the SF-OD wave function would allow one to achieve high accuracy.
We attribute an unusually large error in D e for MR-CISD to the anomalously strong correlation effects which are probably due to very high electronegativity of fluorine. The latter causes the electron density to be very compact. This tight electron distribution may result in the large local, i.e., dynamical, correlation. This explanation also seems consistent with the singlet oxygen results.
H. Ethylene
Twisted ethylene ͑at D 2d geometry͒ is a generic example of a diradical transition state. Due to an imbalance in the treatment of degenerate configurations, i.e., () 2 and (*) 2 , single-reference models using restricted orbitals overestimate the torsional barrier height and produce an unphysical cusp. 16 Corresponding spin-unrestricted models, on the other hand, considerably underestimate the barrier. 60, 19 The results presented in this section show that the spin-flip models are capable of accurately describing this type of bond-breaking. The present study employs a DZP basis set, comprised of the standard Huzinaga-Dunning 47, 48 2 configurations. These computations use two-configuration SCF orbitals and are therefore labeled TCSCF-CISD. The TCSCF-CISD method should be fairly reliable for this system since it correlates both of the two most important configurations and does so without bias towards one configuration over the other; of course, it will suffer a small error due to its lack of size extensivity. Potential energy curves for each method are shown in Fig. 3 . Since the SF-SCF curve is qualitatively correct, the perturbative correction results in a uniform improvement, and the resulting SF-CIS͑D͒ curve is very close to the more computationally expensive SF-OD or TCSCF-CISD ones. Table X shows optimized geometries for the planar ͑equilibrium͒ and twisted ͑barrier͒ configurations. For the reference, we consider experimental estimations of 2.8 and 2.59 eV, [62] [63] [64] [65] [66] and the MR-CISD value of 2.72 eV. 67 The SF-SCF value of 2.48 eV can be considered qualitatively correct ͑especially, if compared with 4.59 or 1.70 eV predicted by spin-restricted and spin-unrestricted SCF models, respectively 68 ͒. The SF-CIS͑D͒ and SF-OD models yield the same value of 2.80 eV. Unfortunately, due to the uncertainty in experimental values, and the modest basis set used, it is unclear how close this value is to the exact one.
IV. CONCLUSIONS
We present size-consistent noniterative perturbative corrections to the SF-SCF. The model, SF-CIS͑D͒, can be viewed as a second-order approximation to the more theoretically complete SF-CCSD wave function. Unlike the previously reported applications 37, 40 of the CIS͑D͒ model to the excited states of closed-shell molecules, SF-CIS͑D͒ represents a systematic improvement over the SF-SCF model at all nuclear distortions along bond-breaking coordinates ͑given that there is no orbital near-instabilities in the Hartree-Fock reference wave function͒. The scaling of the SF-CIS͑D͒ model is N 5 , and the computational cost is roughly equivalent to that of the MP2 calculations.
Detailed benchmarks of SF-SCF, SF-CIS͑D͒, and SF-OD methods demonstrate that the SF model allows us to extend the hierarchy of single-reference approximations to the exact wave function to a challenging situation of bondbreaking and diradicals which traditionally were treated within a framework of multireference formalism. Further developments include the implementation of an analytic gradient for the SF models, and perturbative corrections to the SF-OD wave function. 
